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We characterize the projectors P on a Banach space E with the property 
of being connected to all the others projectors obtained as a conjugation of 
P. Such property is described in terms of the general linear group of the 
spaces Range P, ker P and E. Using this characterization we show an example 
of Banach space where the conjugacy class of a projector splits into several 
arcwise components. An example of Banach algebra where the conjugacy class 
is greater than a connected component was shown by G. Porta and L. Recht 
(Acta Cientifica Venezolana, 1987) for the Banach algebra of continuous 2x2 
complex matrices- valued functions on S^. By recalling the fact that projectors 
with finite-dimensional ranges are connected if and only if they have the same 
rank, we show that an invertible operator can be connected to a direct sum 
A(BT of invertible operators on a splitting of a finite dimensional space and a 
finite co-dimensional complement. 

Let ^ be a Banach algebra and denote by P{A) the space of projectors or idempotents, that is the set of the 
elements x G A such that = p, endowed with the topology of subspace. Given two idempotents elements 
p and q we can ask whether 

C) q belongs to the orbit of p, under the action of conjugacy, that is, if there exists an invertible elements g 
such that gp = qg; 

P) there exists a continuous path c in the space of idempotents such that such that c(0) — x and c(l) = y. 

In general condition P) implies C). A simple proof of this fact can be found in IPR87| and Ch. 1.4 §6 of 
|Kat95| . Precisely the following theorem holds 

Theorem 1. // condition P) holds there exists a continuous path u of invertible elements such that 

u{l)p = qu{l), u(0) 1. 

Actually the path u can be chosen to lift the path of projectors. G. Porta and L. Recht, |PR87| . provided 
an example of Banach algebra and a projector p such that C) does not imply P), that is, there are projectors 
conjugated to p not belonging to the same path-wise connected component of p. The algebra is chosen to 
be the space of continuous functions on the two-dimensional complex sphere with values in the 2x2 complex 
matrices. The projector is defined as 

p{z) ■ X — {x, z)z 

where (•, •) denotes the euclidean product and 2; e S*^ = . See Example 7.13 of [PR87| . Let _B be a Banach 
space and p e C{E) a projector with range X and kernel Y . We have the following 

Theorem 2. Condition C) implies P) if and only if the continuous inclusion 

GL{X) X GL(Y) ^ GL{E), {x,y)^x®y. 
induces a surjective homomorphism on the groups of connected components. 
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Proof. Suppose C) implies P), thus p is connected to all its conjugated projectors. Let t be an invertible 
operator and set q — tpt~^. Since q is conjugated to p, it is also connected to p, by hypothesis, thus there 
exists a path of invertible operators u as in Theorem[TJ Let s — It is easy to check that s~^t commutes 

with p, or equivalently s~^t is in the image of the inclusion defined above. Hence 

[s~H] e Imj 

where [ ] denotes the equivalence class of lying in the same connected components and j is the group 
homomorphism on the groups of connected components induced by the inclusion. Since s is connected to the 
identity operator, and so is s~^, we obtain [t] S Imj. 

Conversely, suppose that j is surjective and consider tpt'^, a conjugation of p. Let {x,y) be a pair such 
that j([a:],[z/]) G [i]. Thus 

{tx®y)p{tx®y)''^ ^p 

and tx (By lies in the connected component of the identity in GL{E). More precisely, we have proved that 
tpt~'^ is connected to p if and only if [t] £ Imj. □ 

Example 1. Let i? be a finite-dimensional space and X a subspace of a given dimension. In the real case 
the connected components of the general linear groups of E and X are two, while there is only one in the 
complex case. Taking two pairs {x, y) and {x' , y') such that 

det(a;)det(y) > 0, det(x')det(y') < 

we obtain the surjectivity of j, because the image of the inclusion intersects both connected components of 
GL{E). Thus every subspace of a finite euclidean space is connected to its isomorphic spaces. 

Example 2. Let X C E he a. n-dimensional subspace and Y a closed complement of X in E. Since 
projectors with ranks of a fixed dimension form a connected component of T'{C{E)), their are all conjugates 
one of each other. By Theorem [2] every invertible operator can be connected by a continuous path to an 
operator 



where A is a n-dimensional matrix and T an invertible operator on X . 

Example 3. Let E be the direct sum of an infinite-dimensional Hilbert space H and cq, the space of 
infinitesimal real sequences. According to A. Douady, |Dou65j . the TTQ-group of GL{E) is isomorphic to 
Z X Z2. By N. Kuiper, |Kui65| . GL{H) is contractible and so is GL{cq). For a proof check the exhaustive 
paper of Mitjagin, [Mit70] . Thus 

{1} = Imj C t:q{GL{H © co)) ^ Z x Z2 

thus the conjugacy class of the projector onto H {0} along {0} © cq splits into infinitely many connected 
components. Thus in the algebra C{H © cq) condition C) does not imply P). 
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